Waller (5), Eriksson (6) , and others. Amaldi (7) has reviewed most of these studies in an excellent article. In all these studies the atoms of the moderator were assumed to be at rest and free. This paper gives the results of studies of the time behavior of the neutron energy distribution in a heavy gas for times greater than the slowing-down time, with the objective of obtaining the characteristics of the energy distribution during the last stage of neutron thermalization and diffusion. The behavior of the energy distribution of neutrons during these periods is required for analyzing and interpreting the results of pulsed-neutron experiments. Moreover, knowledge of time-dependent energy spectra below 1 ev in a heavy gas is in itself a sufficient motivation.
Using the Wilkins time-dependent differential equation for a heavy gas, time-dependent energy spectra have been generated for several interesting physical cases for beryllium and graphite. With the help of these energy spectra, the total thermalization time, the thermalization time constant for the establishment of Maxwellian distribution, and the characteristics of the asymptotic energy spectra in finite media--i.e., the average speed, the decay constant,, and the diffusion cooling coefficient--have been determined, A multigroup formalism based upon the division of the thermal energy interval between zero and E into a finite number of energy groups has been developed. The thermal cutoff energy is represented by E and is taken to 1 be equal to 10 KT. The multigroup method reduces the problem to the solution of a set of coupled, linear, first-order differential equations, which are solved by means of an electrical analog computer, with time as a continuous variable. The analog computor simulates the time behavior of a pulse of neutrons during thermalization and diffusion periods and gives the energy spectrum at any desired time. The studies reported in this paper have also been treated in detail in another publication (8) . Purohit and Zweifel- (9) reported some of the earlier results.
THEORY
In the diffusion approximation the distribution of neutrons in the thermal energy range is given as follows:
In Eq. (l) the various symbols have their conventional meaning. The slowing-down integral is broken up into two parts, as a matter of convenience. During the energy interval (0 < E < E ) the scattering frequency F(E* ->-E) is given by the thermalization model, and in the energy range (E < E ^ E/a) by the slowing-down model. Expanding 0(E, r, t) into a 3S. '
A series of orthonormal space functions, we get 0(E, r, t) =^ 0 n (E, t) 0 n (r)
n V 0 n (£) = " B^ 0 n (£) 0 (r) = 0 at the extrapolated boundary n -
We assume the extrapolated distance to be constant with energy. The external source is assumed to be monochromatic and pulsed, and can be expressed mathematically as follows:
S(E, r, t) = S Q S(E -E Q ) o(t) 0(r) {
00
= 0 for 0 <£ E < E --T
Using the above equations, we get the following equation for any spatial 2 mode having the geometrical buckling B : E".
Source for Thermalization
The neutrons which serve as a source for the thermalization problem are the last collision neutrons arriving at an energy E less than E™. These neutrons will come from the elastic scattering collisions at some energy between E" and E"/a. The neutrons which are scattered between this interval become the source for the neutrons of energy less than E™. This source is
given by the slowing-down scattering integral, and is represented by
S(E, t) is represented by the Dirac delta function in the following manner:
E T where t is the mean slowing-down time for the source neutrons to have their final energy between E" and E T /a. The above representation |Eq. (7)] for the source is essentially given by the continuous slowing-down theory. Using the expression for 0(E'), as given by the age theory, we obtain for S(E, t):
= 0 otherwise
In deriving the above result, we have made the following assumptions:
1. The slowing-down time for the neutrons to a final energy in the energy interval between E and E™/a can be given by t .
2. The resonance escape probability p and the nonleakage probability 2 e" remain constant in the energy interval between E T and E"/a.
It must, however, be pointed out that the details of the initial source are not important for the study of the asymptotic behavior of neutrons. Using the above source we shall generate the time-dependent energy spectra for times greater than t for beryllium and graphite, t is equal to 1^4-and 38,_usec for beryllium and graphite, respectively.
Heavy-Gas Differential Equation
The energy exchange scattering kernel for a monoatomic gas was obtained by Wigner and Wilkins (10) , and they assumed the atoms of the gas to have a Maxwellian velocity distribution. For a heavy mass, the integral equation (5) can be transformed into the Wilkins differential equation (ll):
In Eq. (9) the energy variable is expressed in units of KT, with T as the moderator temperature. The functions 60(E, t)/dE and 6 0(E, t)/d\E are expressed in the following manner: let AE be the energy interval between the (n + l)th and the nth energy groups; let AE' be the energy interval between the nth and (n -l)th energy groups. If 0 ,; 0 , and 0 n i represent the neutron distributions for (n + l), (n), and (n -l)th energy groups, then we have:
(to)
Using Eqs. (10) and (ll), we get the following equation representing the nth energy group which is coupled to the (n + l)th higher group and (n-l)th lower group:
Equation ( were chosen between zero and 1 KT, and the other ten groups between 1 KT and 10 KT of 1-KT width. For the set of problems dealing with graphite, the energy interval between zero and 10 KT was divided into Ik energy groups.
RESULTS
The results obtained for the infinite and finite media of beryllium and graphite are discussed below and are compared with the analytical and experimental results.
Infinite Medium, Zero Absorption
The energy spectra for beryllium are plotted in Fig. 1 at different times in the interval of t = t to t = 350 4-t ^usec, and are plotted in Fig. 2 for graphite in the interval of t = t to t = 510 + t ^usec. These -E energy spectra converge finally into the Maxwellian distribution M(E) = Ee
The degree of convergence is very good. After attaining the Maxwellian distribution the neutrons retain this spectrum at all further times. In the nonabsorbing infinite medium the final asymptotic energy distribution is Maxwellian. This is a basic result of the H theorem of statistical mechanics and holds good for any scattering model. The curves given in Figs. 3 and 4 provide excellent data for determining the thermalization time constant. We use the beryllium data for 0(E, t) in the time interval between 60 and 120/isee, and fit in the following manner, using the Cornell method (l6): -x.,(t-6o) 0(E, t) = 0 Q (E) + 0 1 (E) e , for t ^ 60 /isec (13)
In the above equation t equal to zero corresponds to t equal to ¥ .
0_(E) and 0-,(E) are plotted in Fig. 5 . X,, is calculated to be equal to 4 -1 4.75 x 10 sec for beryllium; when converted, X., is found to be equal to ( 19) . In Fig. 11 the energy spectra for graphite at 300 usee 2 are plotted for several values of B . These spectra were generated under the constant diffusion coefficient assumption, using Beckurts ' (lU) experimental value of the diffusion coefficient of O.968 cm. The asymptotic energy spectra 2 -2 -2 for B equal to zero and 7.18 x 10 cm for beryllium are plotted in Fig. 12 .
The asymptotic energy spectra for B equal to zero and 18.5 x 10 cm for graphite are given in Fig. 13 -These curves demonstrate the shift of the energy spectrum toward the low-energy side with increase in the geometrical buckling. The softening of the energy spectrum in a finite medium is due to the preferential leakage of neutrons of higher energy. The above results furnish the direct evidence of the diffusion cooling.
The time behavior of the energy distribution after the thermalization time was found to be given by a decaying exponential. In all the previous studies it was assumed that at sufficiently long times the neutron distri- (Dv) n is averaged over the Maxwellian distribution; C is the diffusion 2 cooling coefficient. By fitting the decay constants against B , we get the following result for beryllium:
The value of (Dv) averaged over the Maxwellian distribution is equal 5 2 to I.267 x 10 cm /sec, which agrees with the experimental values of 5 2 5 2 1.25 x 10 cm /sec and 1.25 (+0.06) x 10 cm /sec as given by Komoto and Kloverstrom (21) and deSaussure and Silver (18) ., respectively. The diffusion 2 cooling coefficient given by Eq. (15) is equal to O.89O cm .
Hurwitz and Nelkin (22) and Hafele and Dresner (25) have given the theoretical expressions for the diffusion cooling coefficient for a heavy gas using the constant diffusion coefficient assumption. The value of diffusion cooling coefficient according to the formulas given by these 5 2 2 authors using (Dv) Q equal to 1.25 x 10 cm /sec is found to be 0A6 cm .
Nelkin (2^) and Singwi (25) gave the diffusion cooling coefficient for the crystalline model. Singwi's (25) value using the constant diffusion coef-2 5 2 ficient for beryllium is 0.9 cm for (Dv) equal to 1.25 x 10 cm /sec; his estimate of the diffusion cooling coefficient is 50$ higher than the value obtained for the heavy-gas model under the constant diffusion coefficient. Using the energy-dependent transport mean free path given by It is speculated that the exact theoretical value would be about 50$ higher than the experimental result of deSaussure and Silver, which appears to be low.
For graphite the diffusion cooling coefficient using the constant 2 diffusion coefficient assumption is estimated to be 1.922 cm . The experi 2 mental value of Beckurts (14) 
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The average speeds, v, corresponding to the asymptotic energy spectra 2 for various values of B are presented in Table I for beryllium and graphite.
If the average speed is proportional to the square root of neutron temperature, which is true if the neutrons have a Maxwellian distribution, then the change in average speed is a measure of the change in neutron temperature 2 with B .
2 By fitting the values given in Table I 
